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TWO-DIMENSIONAL FLOW OF A P E R F E C T  CONDUCTING GAS IN CROSSED 
ELECTRIC AND MAGNETIC FIELDS 

I. V. Vysotskaya, A. L. Genldn, and M. I. Zhukovskii 

Zhurnal Priklad_noi Mekhaniki i Tekhnicheskoi Fiziki, No. 5, pp. 40-44, 1965 

Reference [1, 2] give a solution of the problem of the two-dimen-. 
sional flow of an inviscid thermally-nonconducting gas with con- 
stant conductivity in a channel of constant cross section for partic- 
ular forms of the given applied magnetic field. The present paper 
obtains a solution of the problem of the two-dimensional flow of a 
gas with variable conductivity in crossed electric and arbitrary 
magnetic fields by means of the smal ! parameter method. The mag- 
netic Reynolds number R m and the magnetohydrodynamie interaction 
parameter S are chosen as parameters. The international system of 
units is employed. 

NOTATION 

V--flow velocity; 
j--electric current demity; 
p--pressure in the flow; . 
E--electric field strength; 
p--gas density; 
o--electrical conductivity of ~he gas; 
T--gas temperature; 
x--ratio of specific heats at consran~ pressure and voiume; 
L--channel half-height; 
tt--permeabi!ity (magnetic) 
B--utagnetic induction vector; 
B0--applied magnetic field; 

1. We sha l l  cons ide r  two-d imens iona l  flow in the 
xy plane (Fig. 1.) of an inviscid* t h e r m a l l y - n o n  con-  
duct ing  gas of v a r i a b l e  conduct iv i ty  in  a channe l  of 
cons tan t  c r o s s  sec t ion  in  the p r e s e n c e  of a cons tan t  
e l ec t r i c  f ield and an a r b i t r a r y  magnet ic  field (ap-  
p l i e d  in the xy plane).  Moreover ,  we shal l  neg lec t  
the Bz component  of the induced magne t ic  field. In 
this  case  

V ( u ,  v, 0), B ( B x ,  By, O), E(0,  0, - - E o ) ,  

o (1. I) ~-z ---- 0. 

Here  E0 = cons t  for  a channel  with cont inuous 
e l ec t rodes .  

We in t roduce  the d i m e n s i o n l e s s  quant i t ies  

u o =  u o ~ pO p~ pO= 
u-~' V = V o '  = 0ouo ----~''' p0 ' 

x o x y O = . _ ~  Eo= Eo Bx 
= -E ' ' uoB~ " BX~ = B-~ ' 

B y  ] o =  / ~o ~ T o T (1 .2 )  
B~~ ~ '  zouoB~o ' = ~--o' = -~o" 

In w h a t  follows only d i m e n s i o n l e s s  quant i t i es  a re  
employed  and for  s i m p l i c i t y  the upper  index ~ is 
omit ted.  

In these  va r i ab le s  the s y s t e m  of equat ions d e -  
s c r i b i n g  the flow unde r  inves t iga t ion  has the fo rm 

. pouo t 
{, o~ + v  o , )  op 0 o(~p) 

P \  o,  ~y = - - ~ v  + ]BxS'  oz(u~) + ~ __ 0 

t Op Op x P u-~x + v -~ 
~ -  I u -~;: + v - ~  z-7- i p - ~  --~-, 

OB u OB:e 
ax ~ = .B~] (Rm= ~ouoL ) (1. 3) 

OB x OB u 
- - y ~ - + - - ~ - = O ,  ] = ~ ( - - E o + u B u + v B x )  , z = ~ ( p , T ) .  

The boundary  condit ions for the gas -dynamica l  
pa r t  of the p rob lem have the f o r m  

u = - t ,  p = l ,  v = O ,  P = P o  at z=0 ;  

v = 0 at v - - •  (1.4) 

We shal l  cons ide r  the case  when S and R m a re  
s m a l l  quant i t ies .  We sha l l  seek  a solut ion of s y s -  
tern (1.3) in the form Of a s e r i e s *  

Z = Zoo + S z l  + R~z~  + S~zs + STI,~z4 + R,nizs + . . . (1. 5) 

where  z is  unders tood  to s ignify  u, v, p, p, Bx, By, 
whence in  view of (1. 4) 

Uo0 = l,Poo = l,Vo0 = O,Poo =- Po, Bxoo ---- B~o, Bvoo = B,jo. 

On se t t ing  e xp r e s s i ons  (1. 5) in the s y s t e m  of 
equat ions  (1. 3) and equat ing t e r m s  with l ike p o w e r s  
of S and R m, r e spec t ive ly ,  we obtain a s y s t e m  of 
equat ions in the funct ions ur, vl, Pl, Pl, u2, v.2, p~, p~, 
B~,, B~I, Bx2, Bv2. Thus for  the f i r s t  power in S we 

obtain 

0/'I ~-x ----- - -  ~ - -  ~ (Buo - -  Eo) B,jo, 

O z,1 Opt = - -  yy + ~ (Byo - -  Eo) B~o, 

Oul Or1 Opl O, a--~ + ~ + ~ =  

, fop, a_~p~ = ~ - -  t \ Oz ~ upo #x / ~ (Buo f Eo) a, (1.6) 

*It is a s s u m e d  that  the d i m e n s i o n  d is  su f f ic ien t ly  
la rge .  

*Expansion in these  p a r a m e t e r s  is a lso  applied in 
[3] to the p rob lem of the f ree  flow of a c o m p r e s s i b l e  

conduct ing  fluid 
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. 0/3.-,:I OB,~I abe, t aB.:~ _ O, - -  + . . . .  O. (1.7) 
am O,J 0x ay 

S imi l a r l y ,  for  the f i r s t  power in R m we have 

OBu~ 
Oz 

Ou~ Op~ Ov~ Op~ 
Ox - -  Ox ' Ox - - - - O y y  ' 

OU~ OY 2 Op2 ap~ 0~ (1.8) 
O-~- + ~-v + ~-~ = O, a~ • ~ = O, 

OBx~ OBx~ OBu~ 
oy - -  ~ (B,~o--Eo) ,  o--U- -t- ~ = O. (1 .  9) 

It is c l e a r  f rom the equat ions that the functions ul, 
vt, p~, pl depend on the applied magnet ic  and e l e c -  
t r i c  f ie lds  Bx0 , By0, E~. In genera l ,  the funct ions 
u2, v2, P2, P2, do not depend on B and E o. It is p o s -  
s ib le  to show, by examin ing  s y s t e m  (1.3), that  the 
equat ions in the s y s t e m  for d e t e r m i n i n g  the h y d r o -  
dynamic  funct ions and components  of the magnet ic  
induct ion vec to r  s epa ra t e  in any approximat ion .  

We obtain the bounda ry  condi t ions  for s y s t e m  
(1.6) from (1.4) 

ul-----0, v~=0 ,  p ~ = 0 ,  p 1 = 0  at x=o,  

v l = 0  at y = •  

Here  v 1 is  a bounded quant i ty  for x ~ ~.  
2. To solve,  we d i f fe ren t ia te  the f i r s t  equat ion of 

(1.6) with r e spec t  to y, the second with r e spec t  to 
x and sub t r ac t  the second r e s u l t  f rom the f i rs t .  We 
obtain 

O~ui O~vl 
Ox Oy - -  ~ -----" 

(1.1o) 

_•y O [zB~o(Buo__Eo)]" (2.1) = --  [zBvo (Bvo-- Eo)] - -  

With the help of the f i r s t  th ree  equat ions  of (1.6) we 
e l im ina t e  the de r iva t ives  ap 1/0x and ~p~/~x f rom 
the fourth equation;  we obtain the equation 

( OUl Or1 ~ p #  
t [ Ou, + z B v o ( B , o _ E o )  ] + \'-gf-z "+ ~ - v / ~ i - - t  = 

•  ax 

= (~ ( B y o - -  Eo) 2 . ( 2 . 2 )  

We di f fe ren t ia te  (2.2) with r e s p e c t  to y and s u b -  
t r a c t  the r e s u l t  f rom (2.1); we obtain 

( 1 - - M o  2) 02vl --k- Osvl 
o ~  . -~ry~ = q ( z ,  y )  

M~ = xpo ' q (x, y) = (t ~ M o  ~) [zB~Q(Bvo-- Eo)] + 

-4- ~ {z (BTjo - -  Eo) [B,o - -  (• - -  t) Mo 2 (Bvo - -  Eo)]} .(2.3) 

We sha l l  cons ide r  the ca se  of subson ic  flow. A p-  
plying the method of G. A. G r i n b e r g  [4], we find for 
equat ions  (2.3) with bounda ry  condi t ions  (1.10) 

ov 

v l =  ~, #ffsin ~ y -  q~(z) exp - -  ~ ( z + ~ )  d z - -  
k ~1 0 

o 

03 

2 

q~ = l q sin ~ dll, 
o 

n - - y + l .  (2.4) 

For boundary conditions (1. I0) we obtain 

Mo ~ 
az = t ~ ) ,  z (Bvo - - E o )  [(•  - -  1) (B~o - -  Eo) + BVo ] dx - -  

o 

t f OVl , - ~  dx ~Bvo (Bvo - -  Eo) dx, 
"i.---Mo" ~ ~ ax, , p l  = - -  + 

o o o 

i (  ou~ o~ ~ dx, (2.5) P l = - -  \ ox ~ oy / 
o 

f rom equations (2.2) and the f i r s t  and th i rd  equat ions 
of (2 .2)  and the f i r s t  and th i rd  equat ions of (1.6). 

I 

V z . .  

Fig. 1 

We now go on to de t e r mi ne  the funct ions u2, v2, 
P2, P2. A solut ion of equat ions (1.8) is cons t ruc ted  
in  a s i m i l a r  m a n n e r ,  and we obtain the equation 

?1~ 2~ a2v2 m a2v~ - -  (t . . . .  o J 0 ~ v - T  O--~ - - 0  (2.6) 

for the funct ion v 2 . 
In accordance  with (1.4) the bounda ry  condi t ions  

for s y s t e m  (1.8) have the form 

v ~ = 0 ,  u s = O ,  p 2 = O ,  p . = 0  at z = 0 ,  

v ~ = 0  at  y==t=l,  (2.7) 

while v 2 is a bounded quant i ty  for x ~ ~. 
With boundary  condi t ions  (2.7) s y s t e m  (1.8) has 

the nu l l  so lu t ion  

v2 = 0 ,  u .~=0 ,  P 2 = 0 ,  p ~ = 0 .  (2.8) 

If we inves t iga te  s y s t e m  (1.3) without conf in ing 
ou r se lves  to f i r s t - o r d e r  powers in S and R m in the 
expans ions  (L5), then i t  is not diff icult  to show that  
al l  t e r m s  Un, Vn, Pn appea r ing  next  to va r ious  pow- 
e r s  of the p a r a m e t e r  R m a re  equal  to zero.  

Expansion (1.5) may then be r e p r e s e n t e d  as 

z = zoo + S (z l  + R , , z 4 +  R , ~ z s  + .  �9 .) + 

+ S2 (z3 +R~z7 + R,~Zll + . . . )  + . . . .  (~ = u, ~,, p, p). 

F o r  p r o b l e m s  in which the dependence of the 
e l e c t r i c a l  conduct iv i ty  of the gas on p r e s s u r e  and 



28 ZHURNAL PRIKLADNOI MEKHANIKI I TEKttNICHESKOI FIZIKI  

t e m p e r a t u r e  cannot  be  neg lec t ed ,  the fol lowing 
method  of s u c c e s s i v e  a p p r o x i m a t i o n s  m a y  be e m -  
ployed.  We choose  a = 1 as  a z e ro th  app rox ima t ion  
and d e t e r m i n e  p(0), pp )  and T(~ the va lue  of a ( x , y )  
is  found f r o m  the l a s t  f o r m u l a  of (1.3) and s e t  in 
the r i g h t - h a n d  s i d e s  of (2.4), (2.5). Subsequent  a p -  
p r o x i m a t i o n s  a r e  c a l c u l a t e d  in a s i m i l a r  mann e r .  

We have equat ions  (1.7) and (1.9) fo r  d e t e r m i n -  
ing the funct ions  Bxl ,  Byl ,  Bx2. F r o m  the c 0 n d i -  
t ion tha t  the l ines  of f o r c e  of the induced magne t i c  
f i e ld  be n o r m a l  to the s u r f a c e  of the po les ,  which 
a r e  p a r a l l e l  to the channel  wal l s ,  we ob ta in  the 
b o u n d a r y  condi t ions  

Bxl = 0 ,  B~ = 0 a t  y = :t: i .  (2,9) 

F o r  a v e r y  long channe l  we m a y  n e g l e c t  the f r inge  
ef fec t  a t  the  in le t .  We have as  a r e s u l t *  

B ~ a = B x ~ - - - - B v l = : B v 2 = O  at ~:=o.  (2.10) 

F o r  condi t ions  (2.9), (2.10) s y s t e m  (1.7) has  the 
nul l  so lu t ion  

Bxl  = O, Bul = O. 

S y s t e m  (1.9) r e d u c e s  to the equat ion 

(2.11) 

O~Bx a O~Bx~ 0 

U s i n g  (2.9), (2.10), we obta in  as  b e f o r e  

(2.12) 

then b e  r e p r e s e n t e d  in the fol lowing manne r :  

z = Zoo + B,,, (z2 + 8z4 + 8 %  + .  �9 . ) +  

+ ' B ~  (z~-+- 8z~ + S~zl~ + . . .) + �9 �9 �9 

(z = B x, Bu). 

The so lu t ion  of s y s t e m s  of equat ions  c o r r e s p o n d -  
ing to h ighe r  powers  of S and R m is  found in a s i m i l a r  
way to the so lu t ion  of s y s t e m s  (1 .6)-(1 .9) .  

3. The p r o b l e m  m a y  be so lved  in a s i m i l a r  m a n -  
n e r  in the xz plane .  In th is  c a s e  we take  v = 0, B x = 
= B z = O, 3 / ~ y =  0, E ( 0 , 0 , - E 0 ) .  Here  E0 = cons t  
for  cont inuous e l e c t r o d e s .  We sha l l  c o n s i d e r  tha t  
the d imens ion  L i s  su f f i c i en t ly  l a rge .  This  t i m e  we 
t ake  d, the  channe l  hal f -width ,  as  the c h a r a c t e r i s t i c  
l i n e a r  d imens ion .  

The s y s t e m  of equat ions  d e s c r i b i n g  the flow in 
d i m e n s i o n l e s s  f o r m  when the induced magne t i c  f i e ld  
is  neg lec t ed  is 

p(u --~x w OU l = - -  ~-aP + ~ B v ( E o _ _ u B ~ ) S ,  

p(tt Ow w OW ~ Op zwBu2S" 
-{- Oz / - -  Oz 

0 0 
o-~ (pu) + - ~  (pw) = O. 

o, 

(3.1) 

-V(z+ 
k = 1  0 

/k(z) exp[ --~-~ 
0 

B'a  = I ~ a x  + a 
0 0 

2 
I a . kn~ 

/~ = ~-~ [~ (Eo --B~o)l sm - - ~  d11, 
0 

(q = y + i ) .  (2.13) 

It is  not  d i f f icu l t  to show tha t  a l l  t e r m s  Bxn, Byn 
a p p e a r i n g  as  coe f f i c i en t s  of  d i f f e r e n t  power s  of the 
p a r a m e t e r  S a r e  equa l  to ze ro .  Expans ion  (1.5) m a y  

u = t ,  w = 0 ,  p = t ,  P = P o  a t  x = o ,  

W : 0  at  y = •  (3.2) 

We sha l l  s e e k  a so lu t ion  of s y s t e m  (3.1) in the  
f o r m  

z --- zoo-+- Szl  + S2zs + . . .  (z = u, w, pp) , (3.3) 

We note that  in view of (3.2) u00 = 1, Woo = 0, 

P00 = 1, P00 = P0. 
We s e t  (3.3) in equa t ion  (3.1). Making t e r m s  with 

l ike  powers  of S equa l  to z e r o ,  we obta in  

Oul #Pl Ox Ox + ~Bu ( E o - -  By), Otol Ol~ 

au---ZL-l- OWl A-  091 -:-O, 
Ox - -  Oz - -  Ox 

1 ( 0p, 0p, \ 
~------~ \ ox - -  uP~ ) = ~: (B'-- /~,  '~ (3.4) 

*We m u s t  m a k e  u s e  of  the  B i o t - S a v a r t  f o r m u l a  i f  

the  b o u n d a r y  cond i t ion  fo r  Bxl ,  By1, Bx2, By2 with 
x = 0 i s  to  be  m o r e  s t r i c t l y  f o r m u l a t e d .  

The so lu t ion  of s y s t e m  (3.4) is  ob ta ined  in a s i m i -  
l a r  m a n n e r  to tha t  of s y s t e m  (1.6). 

In conc lus ion ,  we note that ,  s i nce  we a r e  i n v e s t i -  
ga t ing  gas f low in a channe l  of cons t an t  c r o s s  s ec t i on  
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neglect ing v iscos i ty ,  two-dimensional  flow can only 
r e su l t  in the case  when a two-4imensional  magnetic 
field is  applied. Thus, if we se t  

o = const, B~o = O, Bvo = "] (x) (3.5) 

for  the f i r s t  of the problems  under considera t ion ,  
then Eq. (2.4), (2.5) give the solution of the o n e - d i -  
mensional  problem.  Under these conditions we obtain 
f rom (2.4), (2.5) 

vl=O, u l=Ax ,  P l = - - A x ,  p l = ( c - - A ) x ,  

(A --- p B~ E~ ( B o -  Zo/+ eol , -  r = ( E -  Bo ) (3.6) 

for the pa r t i cu l a r  case  when f(x) = B 0 = const .  
As opposed to known solutions of the one -d imen-  

s ional  problem for a channel of constant  c r o s s  s e c -  
tion [5-7] ,  re la t ions  (3.6)have a ve ry  s imple  form. 

Calculat ions c a r r i e d  out according to Eqs. (3.6) 
have shown that the depar tu re  f rom the exact  s o l u -  
tion [5] does not exceed 3%. In o r d e r  to make this 
r e su l t  more  exact,  we must  employ the solution of 
s y s t e m s  cor responding  to higher  powers of the 
p a r a m e t e r s  S and Rm in the expansion (1.5). 
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